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In this paper we firstly improve the homogeneous balance method due to Wang, which was
only used to obtain single soliton solutions of nonlinear evolution equations, and apply it to (2+1)-
dimensional Broer-Kaup (BK) equations such that a Backlund transformation is found again.
Considering further the obtained Backlund transformation, the relations are deduced among BK
eqautions, well-known Burgers equations and linear heat equations. Finally, abundant multiple
soliton-like solutions and infinite rational solutions are obtained from the relations.
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1. Introduction

Presently more attention is paid on the study of
Backlund transformations, Lax pairs, symmetries,
conservation laws, Painleve tests, bi-Hamiltonian
structures, integrability, similarity reduction, exact
solutions, etc. for nonlinear evolution equations in
soliton theory and dynamical systems [1]. Recently,
starting from the symmetry of the KP equation [2, 3],
the (2+1)-dimensional Broer-Kaup equation [2, 3]

Hyy# 2(H Hz)y ¥2G 55 — Hizsy =0, (1)

Gi+2(GH), +G,, =0 2

was presented. The Painleve property and infinity of
many truncated symmetries with arbitrary functions
of t are, respectively, discussed [4] for (1) and (2) by
using the WTC approach [5] and the formal series
symmetry method [6]. Recently we obtained some
single soliton-like solutions of (1) and (2) [7].Wang
presented a powerful homogeneous balance method
to obtain solitary wave solutions of the given NEEs.
However, Wang used this method only to find sin-
gle solitary wave solutions [8]. Zhang [9] extended
the homogeneous balance method to dispersive long-
wave equations so that multiple soliton solutions are
found. We extended the method to the KPP equa-
tion, WBK equation, etc., so that some new results

were derived [10, 11]. A natural problem is whether
there are other types of solutions based on the homo-
geneous balance method. To solve the problem, we
must seek new transformations by which more new
exact solutions can be obtained.

In this paper, we would like to further generalize
this method [8] and apply it to investigate the Back-
lund transformation, non-local symmetry and mul-
tiple soliton-like solutions of the (2+1)-dimensional
Broer-Kaup equation (1) and (2). The method is re-
markably straightforward and can also be applied to
other equations.

2. Leading to a Backlund Transformation
and Some Relations

By using the idea of the WTC method [5] or the
homogeneous balance method [8 - 11], in order to bal-
ance the terms H,,,, (HH,), and G, in (1) and the
term G, and (GH), in (2), respectively, we suppose
that (1) and (2) have solutions in the forms

H(z,y,t)= %h[w(z, y,t)]+Hy = h'w,+Hy, (3)

2

G(z,y,t) = Eg[u’(r, y, 0]+ Go

=g¢"w,wy + g'w,y, + Go, 4
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in which the functions H(z,y,t) and G(z,y,t) are
expressed by two functions h(w) and g(w) of one
argument w(zx, y,t) only, where h(w), g(w), Hy =
Hy(z,y,t) and Gy = Go(z, y,t) are functions to be

nonlinear and dispersive effects in (1) and (2) can be
partially balanced by using (3) and (4). Thus the task
in the following is to seek for the functions h(w), g(w),
w(z,y,t), Hp and Gy such that (3) and (4) actually

determined later. Next we would like to know if the  satisfy (1) and (2).

With the aid of Mathematica, we can easily deduce that from (3) and (4)
Hyy = h""wewyw, + B woywy + B wowey + B wywes + h'weye + Hoy, (5)
(HH,), = H.H,+ HH,, = (h"* + K’ K" ywlw, + 3h'h"wlw,, + 20" h" waw,,w, + h" Ho,w?

+ W Wy + W waw,py + R Hyw?w, + 2" How,w,, + h" Hyw,,wy

+ W Howgey + M Hoywz, + h" Hopwowy + B Hopwey + b Hozyw, + Hop Hoy, (6)

" n, 2

wiwey+39"

3 ” " " /
Gez = 9" wwy, +3g WeWyWze +39 WeyWez +39 WoWezy+g WyWazz+ g Wazey+Gozz, (7)

Hypy = h”"wiwy+3h"'w§'wzy+3h”’wzwyw”+3h”w1ywm+3h”wxw”y+h”wywz”+h'wxmy+H0”y, 8)
G —_ n " . " 1" 5 ! G 9
t =g WeWyWi+ g WryWe + § WeWiy + g WyWet + g Weyt + Got, 9
(GH), =G, H+GH_=(g" + g"h")wiwy +Qh'g" + h”g’)wiwzy + 2K ¢"wawywer + R g W W,y
///H 2 2 //H //H /H h/ - h/G 2 h/G 3
+g QWL Wy + 29 0Wz Wy +q Wz Wy +g 0Wzay +hg Wz Wzy + owy + oWz

+ hIGOI’wJr + g"HOIwzwy o g'HOxwry + G()H()z + H()GOI. (10)

Substituting (5 - 10) into (1) and (2), and collecting all the homogeneous terms in partial derivatives of
w(z,y,t), we get

[—R"" + 2" + K'R") + 2¢"" Twiwy + [=3h" wiw,y — 3R wewywey + 23K B wiw,y, + 20 B wowyw,,

mn, 2 " ", " " "
WyWey + 69" Wewywsr + K wewyw,] + [-3h" " wee Wy — 38" WoWesy — K WyW,se

+ b How?w,) + 6g
+2(h" Hoyw? + h"*wpw,y + h" Hopw,w, + R W we iy + 20" Hyw, wey + h" Howyw,,) + 69" weywe,
+ 69" WeWazy + 29" WyWazz + B waywe + M wowye + B wywee] + [—h Werry + 20 (Hoywer + HopWay
+ HOIwa 4 How”y + 2glwmwy + h’wzyt] + H()ty + 2G0m_. + ZHozH()y + 2HOH0zy - Hozzy =0. (1 1)

[g"" +2(K g" + b ¢"Nwiw, + 39" wiw,, + 39" w wywe, + 2(2h'g"w§wzy +2h' ¢"w,wyw, .

+¢" How?w, + h"g'wiwzy) + ¢ wowywe] + 39" WrrWay + 39" W Wazy + ¢ WyWerr + 2(K g Werwyy

”2 " " " 2 " " " "
+ h W Wezy + 29 Howe Wey + g Howywae + A Gowy + 9" Hozwowy) + ¢ waywe + ¢ wowye + g wywy]
+ [g/wzzry + 2(h’GOrwz: + g/HOzwzy + ngmecy + glwa:yt + h,Gszz)]
+ G()t + ZGQTz + 2GOIH() + 2G0f[()1C =0. (12)

From (11) and (12) we can learn that the nonlinear terms and the highest order partial derivatives terms in
(1) and (2) have been balanced by using (3) and (4).
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To determine the functions h(w) and g(w), we set
the coefficients of the term w3w, in (11) and (12) to
zero, respectively, yields a system of order differential
equations of h(w) and g(w)

_h//// + 2(h//2 g h/hm) o) m_ O‘
{ g (13)

g/l/l e Z(hlglll 4 h/lgl/) = 0

which have the solutions

{ h(w) = Inw(z,y,t),
(14)

g(w) =Inw(z,y,1),
for which, this we have the following relations
1 ! " ! n ! !
h/h// - —Eh’”v gu = , h2 =—h . g = h . (15)

"

gll - h”, hlgll - _%g”/, hllgl - _%gl!l’ hlgl = _g .

According to the relations (13 - 15), (11) and (12) reduce respectively to

0 0
(wewy(Wer + 2How, + we) K" + [way(Wep + 2How, +wy) + W, 5§(w” +2How, + wy) + wyg(w”

+ 2How, + w)lh" + (wee + 2How, + we)oyh' + (Hoty + 2Gozz + 2Hos Hoy + 2HoHogy — H()“y)ho =0 (16)

and

(wewy(wey + 2How, + we)]g"

+ [y (Wer + 2How, + W) + Wy (Wigy + 2Howey + Wy +2Gowy)

d '
+ Wy 5;(71)11 + ZHOU"z + wt)]g” + [szzzy + Wyt + 2(H0'w1‘1:y + GOzwz + GOUYIJ: + HOa:u"zy]g

+(Got + 2Gozz + 2Goz Ho + 2GoHoz)g° = 0.

Because the two sets of A" = % ht = —wL
r_ 1 0 _ m _ 2 no_ 1 ! 1
h'= -, h"=1land ¢" = 5,9" = -=5, ¢ o

g° = 1 are linearly independent, respectively, we set
the coefficients of A", h”, h’ and h° in (16) and the
coefficients of g"’, g”, ¢’ and ¢° in (17) to zero, re-
spectively, such that the following system of equations
with respect to w(zx, y, t) is given:

W Wy(Wep + 2How, +wy) =0, (18)
Wey(Wez + 2How, + we) + Wo(Wer + 2How, + we)y

+ Wy (W + 2How, +w;) =0, (19)
(Wi + 2Howg + We)zy =0, (20)
Hoty+2Gozo+2Ho, Hoy+2 HoHopy— Hozey = 0, (21)
Wey(Weg + 2How, + i) + Wo(Wezy + 2Howzy
+2Gowy + Wey) + Wy (Wer + 2How, +we) =0, (22)
Wezzy + Wyt + 2(HoWery + HozWay

+ Gowy + Gowyy =0, (23)

(17)
GDt + 2G0m: + ZGOI H() + 2G0H01 =10 24)

From (18 - 24), we can reduce them as follows:
WaWy(Weyp + 2How, +wy) =0, (25)

Wy (Wez + 2How, + we) + Wo(Wer + 2How, + w4y

+ wy(wzp + 2How, +wy) =0, (26)
(Wzg + 2Howg + W42y =0, 27
Go = Hoy, (28)

and (Hy, Go = Hy,)isasolution of (1) and (2). There-
fore, substituting (14) into (3) and (4) yields the Back-
lund transformation

H(z,y,1) = “7 + Ho(z, 9. 1),
W oo 29)
G(a,y.t)= =2 — 284 Go(a, y, 1),

) w

where w = w(x, y, t) satisfies (25 - 27).
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In order to use the obtained transformation to seek ~ Case 2: Setting Hy = w and G = wy, from (25 - 29),
exact solution of (1) and (2), we give two special we can derive another Backlund transformation

cases. Wy

Case 1: Setting Hy = hg = const., and G = 0, from H(z,y, )= w + 33

(25 - 29), we can derive the Backlund transformation , _ Wy WgWy 5
G(z,y,t) = Pyt + Wy,

which is a relation between (1), (2) and the well-

30 .
Way _ Waly =0) known Burgers equation

G(x,y,t) =

{ H(z,y,t) = %z—*'ho,

w w?

: - 0. 4
which is a relation between (1), (2) and the linear We + 2ty + oo =0 (34

generalized heat equation Remark: If we know a solution of (31) or (33), then the
corresponding solution of (1) and (2) can be obtained
by using the Backlund transformation (30) or (32). In
what follows, we would like to consider solutions of
system (1) and (2) by using this idea.

wi + 2howg + wz, = 0. @31

3. Exact Solutions-Soliton Solution and Rational Solutions

Case A: From (31), we can deduce the special solution

w(I7 Y, t) = aO(y) + Z ai(y) exp[kz(y)x + ll(y) - (klz(y) + 2h0k1(y))t + C], n= 13 21 31 ceey (34)

=1

which satisfies (25 - 27), where k;(y), 1;(y), ao(y) and a;(y) ( = 0,1,2,...n) are arbitrary functions of y
and c are all arbitrary constants. According the Backlund transformation (30), we obtain the new multiple
soliton-like solutions of (1) and (2)

i1 a(ki(y) explhi@)e + Li(y) — (ki) + 2hoki(y))t + ]

= , 35
a0) + 3y a:(9) explki @)z + 1Y) — (R2(y) + 2hoks@)i +.c] T (33)
_ 21 i@k @)al (ki (y) + a: k()& (Y)] exp(&:)
ao(y) + 3wy a;(y) explk;(y)r + 1(y) — (k2(y) + 2Hok;(y))t + ]
S ai@)ki(y) exp(€)lah(y) + T, (@h(y) + a:€l(y)) exp(&:)] -

 {ao@) + T, ai explki()z + Li(y) — (k2(y) + 2hoks (@)t + c]}2’
where
& = ki)z + Li(y) — (ki@)* + 2hoki )t + ¢, E(Y) = k(Y — 2(k:(YKLY) + hoki )t + Li(y).
If we take k;(y) = k; = const. and [;(y) = l;y, [; = const. a;(y) = const. (j =0, 1,2,...n) in (35) and (36),
we can find the new multiple soliton solutions of (1) and (2) as follows
Z?:l aiki CXp[k‘il' + liy . (klz + Zh()kl')t + C]
1+ 3" a;explk;z + Ly — (k? + 2hok,)t + c]

H(z,y,t) = + ho,
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Fig. 1 Fig. 2

Fig. 3 Fig. 4

S aikilsexplkix + Ly — (k2 + 2hoki)t + c]
1+ Y0, a;explk,x + Ly — (ki +2hok)t + ]

G(z,y,t) =

" agk; explksx + Ly — (k2 + 2hok)t + c] X1, Lia; explhiz + Ly — (k2 + 2hok;)t + ]
=1 1=1 1
{1+ 0, a;explhix + Ly — (k2 + 2Zhok:)t + c]}? '

Case la: When n = 1,a; > 0, we obtain kink-shaped soliton solutions and bell-shaped soliton solutions of
(1) an (2):

k 1 k
Hi(z,y,t) = ?‘ tanh{ k12 + Ly - (K2 + 2hok))t +Ina; +cl} + ?1 +ho, (37a)
kll[ 2 1 2
Gi(z,y,t) = —Z—sech {§[k1r+l1y — (ki +2hok))t +Ina; +c]}. (37b)

Figure 1 is a plot of (37a) and shows a kink-shaped soliton solution in (2+1)-dimensions at ¢ = 0 with
k, =2,1; =1,a; = 1, hg = ¢ = 0. Figure 2 is a plot of (37b) and shows a bell-shaped soliton solution in
(2+1)-dimensions at ¢ = 0 with the same conditions as Figure 1.

Case 1b: Whenn = 1,a; < 0, we can obtain singular soliton solutions for (1) and (2)

- 1 ~
Hy(z,y.t) = %—Icoth{z[klx +1y — (kF + 2hok)t +In(—ay) + cl} + % + B, (38a)

ol ) 1 By
Gy(x,y,t) = Ez—lcsch"{i[l;lx + 11y — (kT + 2hok )t + In(—ay) + ]} (38b)

Figure 3 is a plot of (38a) and shows a singular soliton solution in (2+1)-dimensions at t =0 with k; =2,
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li=1,a, =1, hp = c=0.Figure 4 is a plot of (38b) and shows a singular soliton solution in (2+1)-dimensions
at t = 0 with the same conditions as Figure 3. These singular solutions develop a singularity at a finite point,
i.e., for fixed ¢ = 0, there always exist z = x¢, y = yo at which the solutions blow up.

Case 2: Asn =2, we get double-soliton solutions of (1) an (2):

ajkyexp(&r) + arkz exp(&2)
1 +a;exp(§)) + a2 exp(&2)

a1kl exp(§)) + azkals exp(§r) . araz(ky — k2)(ly — L) exp(§1 — &)
[1 +a; exp(&)) + az exp(&2)]? [1+ a; exp(§)) + a2 exp(&2)]?

Hi(z,y,t) = (39a)

b

Gi(z,y,t) = (39b)

where & =kjx+ 1Ly — (k% +2hok)t+c¢, & =k +lby — (k% + 2hok))t + c.

Figure 5 is a plot of (39a) and shows a soliton solution in (2+1)-dimensions at ¢ = 0 with k; = 1, k; = 2,
ly =1, =-90,a, =a; =1, hy = ¢ = 0. Figure 6 is a plot of (39b) and shows a singular soliton solution in
(2+1)-dimensions att =0 withk, =1,k =2,[1, =2, b =1,a1=a; =1, hg=c=0.

Fig. 5 Fig. 6

Case 3: When n = 3, we get tri-soliton solutions of (1) an (2):

_ arki1exp(§)) + azky exp(§2) + asks exp(§3)
Bt ) = X pE D)ty eXDIE) + 2 ERDUES)

+ ho, (40a)

arkily exp(§1) + arkals exp(&r) + azks exp(€s) 5 arax(ky — k)l — 1p) exp(§ — &)
[1+a;exp(§)) +azexp(&) +azexp(§3))> [+ ajexp(§)) + az exp(&a) + a3 exp(&3))?
ayaz(ky — k3)(ly — ) exp(&r — &) N aza3(ky — k3)(lh — l3) exp(&, — &)
[1+aexp(§)) +azexp(&2) + azexp(€3)]*  [1+a;exp(§)) + azexp(&) + az exp(&3)]?’

G4(I7 Y, t) =

where & = ksz + 13y — (k3 + 2hok3)t + c.

The properties of the two solutions are similar to the solutions (39a) and (39b). For the cases n > 3, we omit
them here.

Case B: We can easily get multiple soliton-like solutions of Burgers equations (33) in (2+1)-dimensional
space:

S ai()ki(y) explki(y)T + Li(y) — k2 (y)t]
ao(y) + 31, ai(y) explki(y)z + Li(y) — kX (y)t]’

w(z,y,t) = (41)
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0
-1¢+16
~2¢+16
-3¢+18

Fig. 7 Fig. 8

where k;(y), l;(y), a;(y)(@ = 0, 1, 2, ...n) are arbitrary functions of y. According the Backlund transformation
(32), we obtain the new multiple soliton-like solutions of (1) and (2)

S @k (y) explk: ()T + Li(y) — (k2 (y) + 2hok:(y))t + c]
S ai(yki explki(y)z + Li(y) — (k2(y) + 2hok; ()t + c]

i1 aE ki (y) + i)k () + aiyki(y)E )] exp(&s)
> oim1 @i(k; explki(y)z + Li(y) — (kF(y) + 2Zhoky(y))t + c]

[ ek @) expE)II L [a:i)kiy) + ai@ki(y) + ai)ki(y)E )] exp(&; )

H= + ho, (42a)

&=

[ ai@)ki(y) exp(&i(y))? e

where & = ki(y)z +Li(y) — (ki(y)® + 2hoki)t +¢, & = ki(y)r — 2k ki) + hoki@)t + L(Y),

In particular, when n = 2, the solutions (42a) and (42b) become
2
T e (32
_ i@ yexp€n) + Ax(x, y) exp(&r)
ai(y)ki exp(§1) + a2(y)ki(y) exp(ziz)

ek @) exp(&n) + ax(y)k3 (y) exp(E)I[Bi(x, y) exp(&r) + Ba(z, y) eXp(&z)] (43b)

la1()k1(y) exp(&)) + ax(y)ka(y) exp(&2)]?
where
Ai(@,y) = 20,k (Y) + alkI W) + aEIWE, Bi(x,y) = a:ki(y) + al@)k:(y) + a:@)k: ()€,
& = ki(y)z +Ly) — (k@) +2hoki ()t +c, & = ki(y)z — 2(k:K, ) +hok:)t +1i(y), (G =1,2). (43¢)
Figure 7 is a plot of (43a) and shows a solution in (2+1)-dimensions at t = O with k,(y) = 2y, k2(y) = v,
Ly =y, Ly = l‘—oy, a) =a; =1, hg = ¢ =0. Figure 8 is a plot of (43b) and shows a singular soliton solution

in (2+1)-dimensions at ¢t = 0 with k(y) =2y, k2(y) =y, L(y) =2y.L(Y) =y, a; =a; =1, hg=c=0.
Case C: When Hy = hg =0, we set (31) has the solution:

o,y 1) =Y fil@ b = fula )t + o+ fila )t + folx.y). (44)

1=0
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where f,..(z,y) =0 and

nfn($7 y) + fn—l,zz‘(l'a y) = 07 (TL - l)fn—l(xa y) + fn—Z,zz(xv y) = 01 Y fl(xv y) + an:I(xa y) =0

which gives rise to

.\ 2ntl-) An+l—i)—j
n—ig - n-—1 _ T
fi@,y) = (=1)""(n z)!( . ) J‘[T T 7 gy

where g;(y) is an arbitrary functions of y.
Therefore we have

2(n+1-1) p2n+l—i)—j )
n—is =\ o
oz, y,t)—Z[( )™ (n — i)! < ) > O ey e L

=0 3=1

Thus we obtain a rational solutions of (1) and (2) from (30) and (47):

n—i 2(n—1)+1) An—i)tl—j i
D ) PP T == !

H(xa Y, t) = )
n i . —1 n+l—1 22An+l—i)—j i
S rol(=Dri(n — i)! ( S 0:y) e It
n Fi—i . 2 =] 2An—i)+l i
2izol(=D" ' (n =)t ( > (= D gz(y)(z(n,—)l,;),]t
G(z,y, 1) =
n i ) —1 2(n+l—1 z2An+l=i)—j :
Zz=0[(_1)n (n - Z)' < n ) j= + )gz(y)(z(n(ﬂl l)) ]),]t

) 2(n i)+1) An—iy+l—j

o= D" — i)! ( i) For e It

& n—i i i 2(n+l—1) gAnsl=i=j 4
Zoizol(=1H(n =t ( n )Zjif 9 W) G It

- i . n—1 2(n—i+l1) An =il i
Piol(=1) (”_Z)!< n )Zﬂ " W) g It

n — : n—1 2(n+1—1) Z2An+l—i)—j l'
Sol(=1) (n—z)!( o )ijl* 9:) o It

In particular, when n = 1, the solutions (48a) and (48b) reduce to

_ 91(y)(x +1) + g2(y)
H6(.T, Y, t) = 1 > .
[91()z + (W]t + 391(W)T* + g2(y)z + g3(Y)]
G6(l‘,y,t) = gly(y)($+t)+92y(y)

[z + g2t + 391 (Y72 + g (Y)T + g3(y)]

_ g1 + 1) + 2191y () + g2, ()t + 191, + g2, (YT + g3,(Y)]
(g + )t + L9122 + g2(y)x + g3 ()

b

where ¢,(y) and g2(y) are functions of y.

)

823

(45)

(46)

47)

(48a)

(48b)

(49a)

(49b)
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B2 o388

Fig. 9

Figure 9 is a plot of (49a) and shows a singular so-
lution in (2+1)-dimensions at ¢ = 0 with g, = 3°,
92 = 3y% g3 = 3y, ho = 0. Figure 10 is a plot of
(49b) and shows a singular soliton solution in (2+1)-
dimensions at ¢ = 0 with the conditions as Fig.9.
These singular solutions develop a singularity at a fi-
nite point, i.e., for the fixed ¢ = 0, there always exist
T =20,y = Yo at which the solutions blow up.

4. Conclusions

In summary, we have obtained the multiple soli-
ton-like solutions containing multiple soliton solu-
tions and infinite rational solutions for the Broer-Kaup
equation in (2+1)-dimensional space. These solutions
may play an important role for the explanation of
some practical physical problems. The obtained sin-
gular solutions develop a singularity at a finite point,
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